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In this work we report the existence of certain universal features in the temperature dependence of the
electrical conductivity of Al-transition-metal icosahedral quasicrystals, extending the results previously re-
ported on the inverse Matthiessen rule @D. Mayou, C. Berger, F. Cyrot-Lackmann, T. Klein, and P. Lanco, Phys.
Rev. Lett. 70, 3915 ~1993!#. We propose a tentative classification scheme providing a unified description of the
electrical conductivity curves over a broad temperature range. We introduce a phenomenological model de-
scribing the electrical conductivity of icosahedral quasicrystals, deriving closed analytical expressions. We
compare our analytical results with suitable experimental data and illustrate the use of the introduced phenom-
enological coefficient in order to extract information about the electronic structure of the samples from a fitting
analysis of the experimental conductivity curves.
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During the last decade it has been progressively realized
that thermodynamically stable quasicrystalline alloys1 oc-
cupy an odd position among the well-ordered condensed-
matter phases. In fact, since quasicrystals ~QC’s! consist of
metallic elements and they exhibit a well-defined Fermi
edge,2 one should expect that QC’s would behave as metals.
Nonetheless, most of their purported transport properties3–9
resemble a more semiconductorlike than metallic
character.10–13 To complete the puzzle, QC’s exhibit an ideal
ohmic behavior over a broad voltage range,14 and the possi-
bility that they also obey Wiedemann-Franz’s law has been
theoretically suggested.15 Consequently, neither the notion of
metal nor that of semiconductors apply to QC’s, clearly de-
manding the introduction of a more adequate concept to de-
scribe them. A proper understanding of QC’s should be able
to encompass their peculiar electronic structure and their un-
usual transport properties within a unifying conceptual
scheme. To this end, the possible existence of general laws,
allowing for a systematic classification of QC’s according to
their related transport coefficients, appears as a very promis-
ing starting point.
The electrical conductivity of samples belonging to differ-
ent icosahedral families has been extensively studied.16–41
Measured data comprise a broad range of stoichiometric
compositions, covering different temperature ranges within
the interval 0.1 K to 1000 K. In this way, several anomalous
properties have been reported, supporting the presence of a
series of qualitative universal features in the temperature de-
pendence of the electrical conductivity s(T). Thus ~i! their
electrical conductivity takes unusually low values for an al-
loy made of good metals, ~ii! s(T) steadily increases as the
temperature increases up to the melting point, ~iii! the s(T)
curve is extremely sensitive to minor variations in the sample
stoichiometry, and ~iv! the electrical conductivity decreases
when the structural order of the sample is improved by an-
nealing. Strong evidence of a possible quantitative universal
behavior of the electrical conductivity of i-QC’s was re-
ported by Mayou and co-workers.42 They observed that the
conductivity curves of different quasicrystalline samples are0163-1829/2002/66~17!/174203~12!/$20.00 66 1742nearly parallel up to about 1000 K, so that one can write42
s~T !5s~0 !1Ds~T !, ~1!
where s(0) measures the sample-dependent residual
conductivity,43 and Ds(T) is proposed to be an almost
sample-independent general function. This remarkable be-
havior, referred to as an inverse Matthiessen rule,42 has been
also observed in quasicrystalline approximants,44 and even in
amorphous phases prior to their thermally driven transition
to the QC phase.45 These findings indicate that the inverse
Matthiessen rule may be a quite general property of structur-
ally complex alloy phases closely related to quasicrystalline
compounds.
Attending to the overall variation of their s(T) curves,
however, i-QC’s can be separated into two broad
categories.46 In the first class we have the AlCuFe and AlP-
dMn families, which are characterized by the presence of
broad minima at about 10–20 K and 80–150 K, respectively.
In the second class we have the ~relatively! less conductive
AlCuRu and AlPdRe families, exhibiting a monotonous
growth over the entire considered temperature range. The
s(T) curves of samples belonging to the second class can be
then properly fitted in terms of power law functions of the
form Ds(T);ATn (1/2<n<3/2), over a broad temperature
range.30,31 On the contrary, the s(T) curve of samples be-
longing to the first class cannot be properly described in
terms of monotonous functions, at least in the temperature
region below the minimum position.47 In addition, at very
low temperatures, AlPdRe samples belonging to the second
class exhibit negative curvatures which can be well fitted in
terms of stretched exponential functions of the form
Ds(T);s0exp@2(T0 /T)m#, with m51/2 or 1/4.48 Therefore,
it is not possible to describe the Ds(T) function by means of
a common mathematical expression for all the considered
QC’s.
Then, the question arises concerning the possible exis-
tence of a suitable physical mechanism supporting the pre-
sumed universality of the Ds(T) function. In fact, the par-
allelism of the s(T) curves is difficult to understand in terms
of a classical thermally activated mechanism, since the tem-©2002 The American Physical Society03-1
ENRIQUE MACIA´ PHYSICAL REVIEW B 66, 174203 ~2002!perature dependence of s(T) does not follow an exponential
law of the form exp(2E/kBT), where kB is the Boltzmann
constant. An exp(2AT21/4) law, characteristic of variable
range hopping mechanisms, neither applies at low
temperatures.48 The inadequacy of the exp(2E/kBT) fitting
implies the absence of a conventional semiconductinglike
gap in QC’s.21 Additional evidence comes from the fact that,
for the heavily doped semiconductors, the s(T) curve de-
creases at high enough temperatures when all the impurity
levels have become ionized. No evidence of such a limiting
threshold has been observed in QC’s.5 Nevertheless, a recent
combined analysis of the magnetic susceptibility and electri-
cal conductivity temperature dependencies in the tempera-
ture range 3.9 to 1200 K suggests that thermal activation of
carriers, involving two different activation energy scales,
may play a significant role in the electronic transport of Al-
CuFe samples at temperatures above the Debye one.49 On the
other hand, signatures of electron-electron and spin-orbit in-
teractions, chemical disorder effects, or quasiperiodicity ef-
fects have been inferred from the temperature dependence of
s , although their relative role is still awaiting a precise ex-
perimental and theoretical clarification.48 Consequently, one
would expect that different fits to the experimental data may
be more or less adequate depending on the temperature
ranges considered, since the relative importance of different
physical mechanisms at work will depend on their own tem-
perature scales.
In the low-temperature regime (0.5 K&T&5 K) the
variation of s(T) has been shown to be in accordance with
electron-electron interaction effects. At higher temperatures
(10 K&T&30 K) the s(T) behavior can be described in
terms of weak localization effects. Therefore, the low-
temperature and magnetic-field dependencies of the electrical
conductivity in QC’s have been usually analyzed in terms of
quantum interference effects.16,19,22,24,25,50 These theories
were elaborated for metals in the weak disorder limit. Thus,
it is intriguing how concepts originally developed to describe
amorphous solids can be successful in describing long-range
ordered systems such as QC’s. It should be noted that, due to
the number of degrees of freedom available, performing
complete fits in the context of quantum interference theories
is a difficult task. Authors often get large error bars for the
microscopic parameters extracted, or consider different ap-
proaches which do not all give exactly the same results.51 It
may then be possible that quantum interference effects were
indeed playing a role, but acting on significantly larger
(20–30 Å) length scales than those typical of disordered
metals ~a few Å!. In that case, the obtained fitting parameters
will be referring to physical attributes of aggregates of atoms
rather than to atomically sized defects.
Alternative approaches, aimed to exploit the physical im-
plications of the quasiperiodic order notion, have also been
considered. The theoretical prediction that critical electronic
states decaying as a power law given by c}r2b should lead
to a conductivity dependence of the form s}T2b/d, where d
is the dimensionality of the system,52–55 has been invoked to
justify power-law fittings. Variable range hopping conduction
between strongly localized states, related to a self-similar
hierarchical nesting of atomic clusters,56 or a multiple-valley17420fractional Fermi-surface model for the electronic structure of
QC’s57–59 have been also considered to explain the anoma-
lous transport properties. In that case, localization is caused
by constructive interference of electronic states stemming
from the characteristic symmetry of QC’s, at variance with
the Anderson localization arising from disorder.60,61 These
approaches have obtained partial success in describing dif-
ferent experimental data, thus highlighting the convenience
for a suitable theory of quasicrystalline matter, able to treat
different temperature scales within a coherent picture.
Keeping in mind these results it seems reasonable to as-
sume that any adequate mathematical expression for the
Ds(T) function in Eq. ~1! should include several contribu-
tions, each one describing the physical mechanism mainly
contributing at a given temperature. In this sense it becomes
appealing to revisit the possible relationship between the
electronic structure and transport properties in high-quality
QC’s. To this end, we shall exploit the dependence of the
s(T) curve on the fitness between the energy scale of the
different electronic spectral features and the thermal energy
window width, ;kBT , around the Fermi level at a given
temperature.62–64 Following this path we have previously
considered simplified models for the electronic density of
states ~DOS! of i-QC’s, estimating the influence of their elec-
tronic structure on several transport coefficients.65–67
The main goal of the present work is to analyze the exis-
tence of universal features in the electrical conductivity
curves by considering both empirical and theoretical evi-
dence. Thus, we will propose an empirical fitting curve,
aimed to describe the electrical conductivity of AlCu~Fe,Ru!
and AlPdMn samples over the temperature range 4–300 K.
We will discuss this proposal on the basis of the spectral
conductivity model proposed by Landauro and Solbrig, ob-
tained from ab initio band-structure calculations.68,69 To this
end, we derive a closed analytical expression describing the
dependence of the electrical conductivity with the tempera-
ture. Making use of this expression we will perform a de-
tailed analysis, revisiting the universality of the inverse
Matthiessen rule in the light of the obtained results. We also
introduce a number of phenomenological coefficients relat-
ing the model parameters defining the electronic structure
with the fitting coefficients previously obtained.
The paper is organized as follows. In Sec. II we introduce
our empirical approach. In Sec. III, we describe the main
features of the spectral conductivity model. In Sec. IV, we
obtain closed analytical expressions describing the tempera-
ture dependence of the electrical conductivity. Section V is
devoted to discuss the obtained analytical results in light of
pertinent experimental data, highlighting the physical impli-
cations of the phenomenological coefficients previously in-
troduced. Finally, we summarize the main conclusions of this
work in Sec. VI.
II. EMPIRICAL APPROACH
To motivate our approach in Fig. 1 we compare the tem-
perature dependence of the electrical conductivity for several
i-QC’s belonging to the AlCuFe, AlCuRu, and AlPdMn
families. By inspecting this figure several conclusions can3-2
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mum at about 40–60 K characterizes the s(T) curves of
AlPdMn samples. The AlCuFe samples also exhibit a less
pronounced minimum at about 10–20 K, depending on the
sample stoichiometry. Second, the s(T) curves of AlCuRu
samples do not exhibit such a minimum, but monotonously
increase over the entire considered temperature range. Third,
starting at about 100 K the s(T) curves of both AlCuFe and
AlPdMn are markedly parallel to each other ~quite remark-
ably the electrical conductivity curves of the samples
Al62.8Cu24.8Fe12.4 and Al70Pd20Mn10 almost merge!. Fourth,
although the s(T) curves of the AlCuRu samples are nearly
parallel, their common slope is less steep than that corre-
sponding to both AlCuFe and AlPdMn samples. Therefore,
attending to their s(T) curves, these quasicrystalline fami-
lies can be classified into two classes, namely, those exhib-
iting a well-defined minimum at low temperatures and those
which do not exhibit such a minimum.
To further substantiate this scheme, in Fig. 2 the function
Ds(T)[s(T)2s(0) is shown in a log-log plot for the
same samples. Two different behaviors can be clearly appre-
ciated, defining a crossover region located at about Tc
;25 K. For temperatures above T;100 K, the Ds(T)
curves corresponding to AlCuFe and AlCuRu samples can be
described in terms of a power-law function of the form ATa,
with different A values but similar values for the exponent.
Within this temperature range the AlPdMn samples cannot
be described in terms of a power-law function, although such
a description becomes progressively adequate at tempera-
tures above T;200 K.
On the basis of these empirical results we will start by
assuming that the electrical conductivity curve, when consid-
ered over a wide temperature range, can be expressed as a
sum of two main contributions, namely, s(T)5s l(T)
FIG. 1. Electrical conductivity temperature dependencies for
different quasicrystalline samples belonging to the AlCuFe ~h!,
AlCuRu ~,!, and AlPdMn ~s! families. From top to bottom
their chemical compositions read as follows: Al63Cu24.5Fe12.5 ,
Al62.8Cu24.8Fe12.4 , Al70Pd20Mn10 , Al62.5Cu25Fe12.5 , Al70Pd20Mn10 ,
Al65Cu21Ru14 , Al65Cu20Ru15 , and Al65Cu19Ru16 . Solid lines cor-
respond to the best-fit curves listed in Table I. See the main text
for details. Data for AlCuFe samples were provided by C. Berger.
Data for AlCuRu and AlPdMn samples are after Refs. 30 and 33,
respectively.174201sh(T), where s l ,(h)(T) describes the low- ~high-! tempera-
ture behavior. Accordingly, we propose the following math-
ematical expression for the temperature dependence of the
electrical conductivity curve:
s~T !5s01A0e2gT1A1Ta, ~2!
where s0 , A1, and A0 are measured in (V cm)21 units and
a and g take on real values. When g.0, the low temperature
dependence is mainly determined by the decreasing expo-
nential function, whereas the high-temperature dependence
is governed by the power-law function. In this case we have
s l(T)5s01A0e2gT and sh(T)5A1Ta, and a minimum
naturally appears when s l(T).sh(T). The residual conduc-
tivity in the vanishing temperature limit is given by s(0)
5s01A0. Here, s0 may be related to the possible presence
of chemical disorder and/or structural defects, whereas A0
may be related to the physical process responsible for the
upturn of the conductivity at low temperatures, such as the
Kondo-like mechanism suggested by Pre´jean and collabo-
rators.47 On the other hand, if g,0, the resulting growing
exponential adds its contribution to the power-law function
at any temperature, so that we cannot attain a minimum. In
that case s l(T)5s0 , sh(T)5A1Ta1A0e2gT, and the expo-
nential growth dominates at higher temperatures.
In order to estimate the suitability of Eq. ~2! we will fit
the data shown in Figs. 1 and 2 to the trial functions listed in
Table I. The best-fit curves are plotted in Fig. 1. Fitting
analysis results are presented in Tables I and II. From the
data listed in these tables several conclusions can be drawn.
First, the best possible fit for the AlCuRu samples is obtained
for a power-law function (A0[0), in agreement with the
results reported by Lalla and collaborators.30 Second, Eq. ~2!
provides the best possible fit for the AlCuFe and AlPdMn
samples, although the quality of the fits is considerably better
for the former ones. Due to the presence of a broad mini-
mum, neither power-law nor exponential functions alone can
fit the s(T) curves corresponding to these samples in the
considered temperature range. Hence, Eq. ~2! allows for a
unified description of the s(T) curves corresponding to dif-
FIG. 2. Log-log diagram comparing the reduced electrical con-
ductivity, Ds(T)5s(T)2s(0), temperature dependencies for dif-
ferent quasicrystalline samples belonging to the AlCuFe ~h!, Al-
CuRu ~,!, and AlPdMn ~s! samples shown in Fig. 1. Solid lines
are a guide for the eye.3-3
ENRIQUE MACIA´ PHYSICAL REVIEW B 66, 174203 ~2002!TABLE I. Pearson x2 value for different possible fittings to the electrical conductivity curves of the following quasicrystalline samples:
~a! Al62.5Cu25Fe12.5 ; ~b! Al62.8Cu24.8Fe12.4 ; ~c! Al63Cu24.5Fe12.5 ; ~d! Al65Cu19Ru16 ; ~e! Al65Cu20Ru15 ; ~f! Al65Cu21Ru14 ; ~g!, ~h!, and ~i!
Al70Pd20Mn10 ~under different annealing conditions!.
Sample
Trial function s(T) Label a b c d e f g h i
s01A1Ta I 1.129 0.299 1.349 0.009 0.040 0.091
s01A0 e2gT II 5.817 1.435 3.098 0.061 0.222 0.313
s01A0 e2gT1A1Ta III 0.053 0.110 0.184 1.864 1.248 1.207
s(0)(11BT21CT41DT6) IV 0.342 0.604 2.168 0.193 0.413 1.139 28.72 51.33 84.94ferent i-QC’s over a broad temperature range ~4–300 K!.
Third, the g parameter corresponding to the trial function II
takes negative values. These values are very similar for both
AlCuFe and AlCuRu samples ~see Table II! yielding a mean
value ugu50.00360.001. On the other hand, the g parameter
in the trial function III takes positive values. Their values are
very similar for both AlCuFe and AlPdMn samples ~see
Table II!, yielding a mean value g50.03960.002 ~we have
excluded the value corresponding to the Al62.8Cu24.8Fe12.4
sample!. If we naively identify ugu[kB /DE , then we, re-
spectively, get DEII.29 meV ~trial function II! and DEIII
.2 meV ~trial function III!. These figures are too narrow to
be interpreted as a measure of a conventional gap, but they
compare well with the energy scales corresponding to the dip
component of the pseudogap (DEII) and to the mean width
of the spiky features (DEIII).
In summary, our fitting analysis suggests that two differ-
ent temperatures regimes should be considered, each one re-
lated to a different transport mechanism. At low temperatures
the low diffusivity, determined by the critical nature of elec-
tronic states in QC’s and/or the presence of different scatter-17420ing processes, should play a major role. As the temperature is
increased, and the energy window kBT progressively widens,
one expects that electronic structure effects should onset,
playing an increasingly significant role. In the next section
we will focus on this latter physical scenario by considering
the influence of band-structure effects in the temperature de-
pendence of the electrical conductivity.
III. ELECTRONIC STRUCTURE MODEL
In this work the study of the transport properties is based
on the energy spectrum function s(E), defined as the T
→0 conductivity with the Fermi level at energy E. Generally
speaking the conductivity spectrum takes into account both
the DOS structure, N(E), and the diffusivity of the elec-
tronic states, D(E), according to the relationship s(E)
}N(E)D(E). Thus, although it may be tempting to assume
that the s(E) function should closely resemble the overall
structure of the DOS, it has been shown that a dip in the
s(E) curve can correspond to a peak in the DOS at certain
energies.68–70 This behavior is likely to be related to the pe-TABLE II. Fitting coefficients for different s(T) curves corresponding to the trial functions I–III listed in
Table I. AlCuFe data files were provided by C. Berger. Experimental data for AlCuRu and AlPdMn samples
were taken from Ref. 30 and Ref. 33, respectively.
Sample Label s0 (V cm)21 A1 (V cm)21 a A0 (V cm)21 g (K21)
Al62.5Cu25Fe12.5 I 93.2 0.014 1.630 0
II 35 - - 54 20.005
III 88 0.029 1.502 10 0.036
Al62.8Cu24.8Fe12.4 I 131.7 0.042 1.426 0
II 19 107 20.003
III 130.4 0.050 1.398 7 0.110
Al63Cu24.5Fe12.5 I 215.3 0.155 1.218 0
II 258 270 20.002
III 207 0.32 1.099 15 0.042
Al65Cu19Ru16 I 18.8 0.019 1.359 0
II 226 43 20.0025
Al65Cu20Ru15 I 26.3 0.045 1.293 0
II 268 92 20.0020
Al65Cu21Ru14 I 72.0 0.078 1.245 0
II 279 149 20.0017
~g! Al70Pd20Mn10 10 0.30 1.12 69 0.039
~i!Al70Pd20Mn10 137 0.02 1.53 72 0.044
~h! Al70Pd20Mn10 31 0.14 1.19 83 0.0313-4
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level.64,65,70–72 In fact, recent measurements of photoconduc-
tivity in AlPdRe QC’s have confirmed the tendency of carri-
ers to localize near the Fermi level.73
Regarding the DOS structure, the presence of a pro-
nounced pseudogap at the Fermi level ~;1 eV width! was
theoretically predicted in order to explain the stability of
quasicrystalline alloys on the basis of the Hume-Rothery
mechanism.74 This mechanism has been successfully used to
explain the stability of QC’s containing elements with a full
d band, such as AlMgZn or AlCuLi. In the case of QC’s
bearing transition-metal atoms, such as AlCu~Fe,Ru! or AlP-
d~Mn,Re!, in addition to this broad minimum in the DOS, a
narrow dip ~;0.1 eV width! due to hybridization effects in-
volving the transition-metal bands should be also taken into
account.75–79 The physical existence of the electronic
pseudogap has been confirmed by measurements of the
specific-heat capacity,80 photoemission,81 soft-x-ray spec-
troscopies,82 magnetic susceptibility, and nuclear magnetic-
resonance probes.83 Nevertheless, the relative insensitivity of
the specific-heat electronic term to thermal annealing sug-
gests that the presence of the pseudogap alone does not suf-
fice to explain all the transport anomalies, particularly those
manifesting themselves at relatively high temperatures,
hence implying the influence of band-structure effects.
The possible existence of spiky features in the DOS ~over
an energy scale of about 10 meV! was obtained from self-
consistent ab initio calculations,84 and has been extensively
discussed in the literature. The physical origin of such peaks
may stem from the structural quasiperiodicity of the sub-
strate via a hierarchical cluster aggregation resonance56 or
through d-orbital resonance effects.85,86 This spiky compo-
nent is still awaiting a definitive experimental confirma-
tion,87–91 although recent tunneling spectroscopy measure-
ments provide experimental support for the existence of
some fine structure, asymmetrically placed with respect to
the Fermi level.92
In order to make a meaningful comparison with experi-
mental measurements one should take into account possible
phason, finite lifetime, and temperature broadening effects.
In so doing, it is observed that most finer details in the DOS
are significantly smeared out and only the most conspicuous
peaks remain in the vicinity of the Fermi level at room
temperature.2 These considerations convey us to reduce the
number of main spectral features necessary to capture the
most relevant physics of the transport processes. Two fruitful
approaches have been recently considered in the literature to
this end. On the one hand, the ab initio study performed by
Landauro and Solbrig has shown that the spectral resistivity,
r(E), corresponding to i-AlCuFe phases, can be satisfacto-
rily modeled by means of just two basic spectral features,
namely, wide and narrow Lorentzian peaks.68 Quite remark-
ably, this model is able to properly fit the experimental s(T)
and S(T) curves in a broad temperature range.69 Following a
different line of reasoning, aimed to encompass the transport
properties of both amorphous phases and QC’s within a uni-
fied scheme, Ha¨ussler and collaborators have shown that the
main qualitative features of the s(T), S(T), as well as the
Hall coefficient curves can be accounted for by considering17420an asymmetric spectral conductivity function characterized
by a broad minimum exhibiting a pronounced dip within it.45
Motivated by these results, in this work we shall start
by considering the following model for the spectral
conductivity:69
s~E ![A@L1~E !1L2~E !#21, ~3!
where the parameter A is expressed in V21 cm21eV21 units
and the Lorentzians
Li~E !5
g i
p
@g i
21~E2m2d i!2#21 ~4!
characterize the height, (pg i)21, and position, d i , of each
spectral feature with reference to the Fermi level, m. In ad-
dition, the g i parameters can be related to the diffusivity of
the corresponding states.68,93 For the sake of illustration in
Fig. 3 the spectral conductivity curve, as obtained from ex-
pression ~3!, is shown for a suitable choice of the parameters
g i and d i .68 The overall behavior of this curve agrees well
with the experimental results obtained from tunneling and
point-contact spectroscopy measurements, where the pres-
ence of a dip feature of small width ~20–60 meV!, superim-
posed onto a broad ~0.5–1 eV!, asymmetric pseudogap has
been reported.92,94–97 On the other hand, according to NMR
measurements, the DOS within the dip feature energy region
can be properly modeled as65,98
Nd~E !5a1aE2, ~5!
where a gives the DOS value at the origin of the energy scale
@note that, in general, aÞN(m)], and a[ 12 (d2N/dE2) mea-
sures the curvature of the dip. Hence, one expects the con-
ductivity spectrum will exhibit a parabolic dip around the
Fermi level. In fact, expanding Eq. ~3! in Taylor series
around the spectral conductivity minimum, Em[0, we have
s~E !.smH 12 sm2A @L19~0 !1L29~0 !#E2J , ~6!
FIG. 3. Spectral conductivity curve in the energy interval 61 eV
around the Fermi level as obtained from Eq. ~3! for the electronic
parameter values g i and d i indicated in the frame.3-5
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minimum. By comparing Eqs. ~5! and ~6!, taking into ac-
count the Einstein relation s(E)5e2Nd(E)Dd(E), where e
is the electron charge, we get
Dd~E !52
2Aa
e2a2@L19~0 !1L29~0 !#
, ~7!
Thus, the diffusivity of the electronic states located in the dip
can be approximately estimated from the knowledge of the
electronic model parameters and the topology of the s(E)
curve. This illustrates the way this approach provides a
proper combination of both band-structure effects and the
critical nature of the electron wave functions in a natural
way.
IV. ANALYTICAL RESULTS AND PHENOMENOLOGICAL
COEFFICIENTS
Following previous works20,26,45,65–69 we will start by ex-
pressing the electrical conductivity by
s~T !5E
2‘
1‘
dES 2 ] f]E Ds~E !, ~8!
where f (E ,T) is the Fermi distribution, and E is the electron
energy. In this way we can make use of the knowledge about
the energy spectrum obtained from both numerical studies
and experimental data, as discussed in the previous section.
This treatment is quite general, allowing for a unified treat-
ment of transport properties in QC’s. Nevertheless, it should
be also stressed that, according to Eq. ~8!, the effect of the
temperature on the transport properties is mainly described
by the Fermi distribution temperature dependence. Then, this
approach does not take into full account the possible tem-
perature dependence of electron-electron and electron-
phonon scattering processes. We should keep in mind this
limitation when considering the results discussed in Sec. V.
To proceed we will express Eq. ~8! in terms of the scaled
variable x[b(E2m), with b[(kBT)21, to get65–67
s~T !5
1
4E2‘
1‘
sech2~x/2!s~x !dx . ~9!
Making use of Eq. ~3! into Eq. ~9! we obtain ~see the Ap-
pendix!17420s~b!5c0~p
2b22/31a3b21H1/41a4H0/41a0!, ~10!
where we have introduced the auxiliary integrals
Hk~b![E
2‘
‘ xk
P2~x !
sech2~x/2!dx . ~11!
In order to evaluate these integrals we shall expand the func-
tion P2
21(x) in Taylor series around the Fermi level to get
H0.
4
q0 S 11 p23 4q122q0q02 b22
1
7p4
15
q0
2212q0q1
2116q1
4
q0
4 b
24D , ~12!
H1.
8p2q1b21
3q0
2 F 11 14p25 2q122q0q02 b22
1
31p4
7q0
4 ~4q1
223q0!~4q1
22q0!b24G .
By plugging Eqs. ~12! into ~10!, keeping O(b26) terms,99
we finally arrive at the following expression for the electrical
conductivity:
s~T !5c0j0~11j2bT21z4b2T41j6b3T6!, ~13!
where c0 is defined in the Appendix, b[e2L052.44
31028 (eV)2 K22, L05p2kB2 /3e252.4431028 V2 K22 is
the Lorenz number, and
j0[
g11g2
«
, ~14!
j1[2
g1d1«2
41g2d2«1
4
««1
4«2
4 , ~15!
j2[
g1«2
6~«1
224d1
2!1g2«1
6~«2
224d2
2!
««1
6«2
6 14j1
2
, ~16!z45
21
5
16q1
2j0
2~j0q12d2«1
2!~j0q12d1«2
2!14«2
2j0«1
2«31«1
4«2
4~j02«1
2!~j02«2
2!
«1
8«2
8 , ~17!
j6[
1116
7
j0
2q1
«1
12«2
12 «4~4j0q1
22«1
2«2
2!~4j0q1
223«1
2«2
2!, ~18!
where « is defined in the Appendix, and
«3[j0q1@2d1«2
212d2«1
21q1~«1
21«2
223j0!#2«1
2«2
2@d1d21q1~d11d2!# , ~19!
«4[4j0q1~q12d2!~q12d1!1q1@j0~«1
21«2
2!22«1
2«2
2#1«1
2«2
2~d11d2!2j0~d2«1
21d1«2
2!. ~20!3-6
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garded as phenomenological parameters containing informa-
tion about the electronic structure of the sample. In the next
section we illustrate the way these phenomenological coeffi-
cients can be obtained from a fitting analysis of the experi-
mental s(T) curves.
V. DISCUSSION
In the vanishing temperature limit Eq. ~13! reduces to
s(0)5c0j0, so that we can rewrite this equation in the
closed form65
s~T !5s~0 !@11e2L 0T2L~T !# , ~21!
where
L~T !5j21z4bT21j6b2T4. ~22!
Therefore, the electrical conductivity temperature depen-
dence can be separated as a product involving two different
contributions. The first one is given by the s~0! factor and
describes the residual conductivity of the sample. This term
will be the one responsible for the overall low-conductivity
values observed in these materials and, according to Eq.
~14!, it can be related to the main features of the spectral
conductivity through the relationship
s~0 !5pA
~g1
21d1
2!~g2
21d2
2!
g2~g1
21d1
2!1g1~g2
21d2
2!
. ~23!
This expression provides a direct link between the electronic
model parameters g i and d i and the transport magnitude
s(0), which can be determined from the experimental data.
The second contribution is given by the function 1
1e2L 0T2L(T) and describes the temperature dependence
of the electrical conductivity as the temperature is increased.
It is worth noting that by identifying Ds(T)
[e2L0s(0)T2L(T), Eq. ~21! essentially reduces to the em-
pirically proposed inverse Matthiessen rule given by Eq. ~1!.
Making use of Eq. ~23!, the Ds(T) function can be ex-
pressed as
Ds~T ![U~T !p~T !5~pe2L 0T2!
3F A~g121d12!~g221d22!
g2~g1
21d1
2!1g1~g2
21d2
2!
L~T !G . ~24!
Therefore, the second term in Eq. ~1! can be regarded as a
product involving a universal parabolic function, U(T)
[pe2L 0T2, which is modulated by the sample-dependent
factor, p(T).100 The temperature dependence of the p(T)
factor is governed by the biquadratic function L(T), whose
coefficients are related to the electronic structure of the
sample through the expressions given by Eqs. ~15!–~18!. To
get a clearer picture of the behavior of the L(T) function we
rearrange Eq. ~21! to obtain
L~T !5~s~T !2s~0 !!/~s~0 !bT2!. ~25!
Expressed in this way the L(T) function can be straightfor-
wardly determined from experimental data. In Fig. 4 the tem-17420perature dependence of the L(T) function is shown in a
semilog plot for the same samples shown in Fig. 1. Quite
remarkably, at high enough temperatures, the temperature
dependence of the L(T) function apparently exhibits a
nearly universal behavior. Note, however, that the L~300 K!
value varies about an order of magnitude among the consid-
ered samples. As it can be clearly appreciated in Fig. 4 the
onset of the high-temperature regime depends on the quasi-
crystalline family we are considering. It starts at tempera-
tures above ;50 K for AlCu~Fe,Ru! samples, and above
;150 K for AlPdMn samples.
In order to gain some physical understanding on the role
played by the different coefficients appearing in Eq. ~22! we
will fit the experimental s(T) curves shown in Fig. 1 to the
trial function
s~T !5s~0 !~11BT21CT41DT6!, ~26!
where, according to Eq. ~13!, we have B[j2b , C[z4b2,
and D[j6b3. In this way, making use of Eqs. ~14!–~18! we
can get information about the electronic structure of the dif-
ferent samples from the temperature dependence of the elec-
trical conductivity curves. The fitting analysis results are
given in the last entry of Table I ~Pearson x2) and Table III
~fitting coefficients!. As a general appreciation, although the
x2 values corresponding to the trial function IV are not the
best possible ones, it is clear that Eq. ~13! provides an ac-
ceptable alternative fit for both AlCuFe and AlCuRu
samples. In addition, by inspecting the data listed in Table III
we observe that ~i! the B fitting coefficients take very similar
values for all the considered samples, ~ii! a systematic varia-
tion of the C and D fitting coefficients is clearly appreciated,
and ~iii! the sign of the C and D fitting coefficients corre-
sponding to the AlPdMn sample is reversed with respect to
that obtained for the AlCuFe and AlCuRu samples. These
trends can also be observed in the related phenomenological
coefficients listed in Table IV. In order to gain some physical
insight into these coefficients we will take the first and sec-
ond logarithm derivatives of Eq. ~3!, obtaining the
expressions101
FIG. 4. Diagram comparing the temperature dependencies of the
L(T) function defined by Eq. ~22! for different quasicrystalline
samples belonging to the AlCuFe ~h!, AlCuRu ~,!, and AlPdMn
~s! families listed in Table II. Solid lines are a guide for the eye.3-7
ENRIQUE MACIA´ PHYSICAL REVIEW B 66, 174203 ~2002!TABLE III. Fitting coefficients for different QC s(T) curves corresponding to the trial function labeled
IV in Table I.
Sample s(0) (V cm)21 B 31025 (K22) C310210 (K24) D310215 (K26)
Al62.5Cu25Fe12.5 95.060.1 2.0060.02 21.4160.05 0.6360.04
Al62.8Cu24.8Fe12.4 136.260.2 2.0060.02 21.7760.05 0.9660.03
Al63Cu24.5Fe12.5 226.660.3 2.0060.02 21.9260.05 1.0860.04
Al65Cu21Ru14 77.360.3 2.0060.06 22.560.2 1.260.1
Al65Cu20Ru16 20.660.1 5.060.1 23.860.3 2.060.2
Al65Cu19Ru15 29.860.2 3.060.4 24.560.3 2.360.2
Al70Pd20Mn10 ~g! 4961 4.060.1 1361 2361j15
1
2 S d ln s~E !dE D E5m , ~27!
and
j25
1
2 Fd ln s~E !dE GE5m
2
1
1
2 Fd2ln s~E !dE2 GE5m . ~28!
In the temperature ranges we are considering (4<T
<300 K) the kBT window spans within the energy region
located around the dip feature of the conductivity spectrum
(;0.3230 meV), characterized by a positive curvature of
the s(E) function ~see Fig. 3!. Then Eq. ~28! implies j2
.0 in this temperature range. On the other hand, the j1
coefficient can take both positive and negative values, de-
pending on the relative position of the Fermi level with re-
spect to the dip minimum. The magnitude and sign of the
phenomenological coefficient j1 can be experimentally de-
termined from the temperature dependence of the Seebeck
coefficient in the low-temperature region. In Ref. 101 values
within the range 11.5&j1&18.0 (eV)21 were derived
from the S(T) curves of AlCuFe and AlCuRu samples. These
figures are consistent with the B values obtained from the
above fitting analysis, implying j25B/b values in the range
1800&j2&12000 (eV)22. Plugging Eq. ~27! into Eq. ~28!
we have
Fd2ln s~E !dE2 GE5m52~j222j12!, ~29!
TABLE IV. Phenomenological coefficients values for several
quasicrystalline families as determined from the fitting values listed
in Table III.
Sample
j2
@(eV)22#
z4
@3105(eV)24#
j6
@3107(eV)26#
Al62.5Cu25Fe12.5 820 22.37 14.34
Al62.8Cu24.8Fe12.4 820 22.97 16.61
Al63Cu24.5Fe12.5 820 23.23 17.44
Al65Cu21Ru14 820 24.20 18.26
Al65Cu20Ru16 1639 26.38 113.77
Al65Cu19Ru15 2050 27.56 115.83
Al70Pd20Mn10 ~g! 1230 15.04 220.6517420so that we can estimate the dip curvature at the Fermi level
to be about ;1400 (eV)22. It is interesting to compare this
value with that corresponding to the curvature due to the
DOS as given by Eq. ~5!. This value can be determined from
the ratio 2a/N(m). In turn, the value of the second deriva-
tive of the DOS at the Fermi level can be estimated from
NMR measurements, yielding a a.23232 state
(eV)23/atom for i-AlCuRu samples.102 The DOS value at
the Fermi level can be determined from low-temperature spe-
cific heat measurements, yielding a N(m).0.05 state
(eV)21/atom for i-AlCuRu.19,29 From these figures we get
a/N(m).4502650 (eV)22. This value compares well with
recent DOS curvature estimations, based on a NMR detailed
analysis, yielding a/N(m).490 (eV)22 for i-AlCuFe
samples, and a/N(m).384 (eV)22 for i-AlPdMn
samples.98 This agreement, in turn, suggests that, within the
parabolic approximation given by Eq. ~6!, the second deriva-
tive of the diffusivity D(E) plays a subsidiary role as com-
pared to the DOS curvature around the Fermi level.
VI. CONCLUDING REMARKS
We started our study by considering whether the function
Ds(T) in Eq. ~1! can be considered as an universal function
describing the temperature dependence of the electrical con-
ductivity for most QC’s. According to Eq. ~24! we conclude
that Ds(T) can be expressed as a product involving univer-
sal parabolic function, U(T)[pe2L 0T2, which is modu-
lated by a factor which depends on the electronic structure of
the considered sample. This modulation term exhibits a
nearly universal behavior at high enough temperatures. The
threshold for the onset of the high-temperature regime is
sample dependent. In this way, we conclude that the function
Ds(T) does indeed exhibit certain universal fingerprints, but
at the same time plenty of room is left for a significant in-
fluence of the electronic structure on the overall behavior of
the s(T) curves. Our analytical study allows then to estimate
the contribution due to the electronic structure in a precise
way by means of Eq. ~24!.
On the other hand, we have shown that the empirically
proposed Eq. ~2! provides a unified description of the s(T)
curves corresponding to different quasicrystalline families
over a broad temperature range. By comparing the s(T)
curves given by Eq. ~2! and ~13! we conclude that the ana-
lytically derived s(T) curve is unable to properly describe3-8
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lies. This shortcoming should then be interpreted as an indi-
cation that the very existence of such a minimum cannot be
understood in terms of band structure effects alone, but it is
necessary to consider other physical processes in the low-
temperature regime. To this end, suitable approaches explic-
itly including the temperature dependence of the spectral
conductivity, stemming from scattering processes, should be
required. This interpretation is in line with the evidence sug-
gesting a Kondo-like mechanism as the main physical
mechanism responsible for the presence of this minimum in
AlPdMn samples.47 In fact, the importance of the fraction of
magnetic atoms present in the samples in the transport prop-
erties at low temperatures provides additional support for the
classification scheme introduced in Sec. II. Thus, although
from a chemical viewpoint one may expect that AlCuFe and
AlCuRu representatives should be grouped in a similar fash-
ion, our proposed classification, based on their transport
properties, splits them into two separate categories. In this
sense, the absence of a well-defined minimum for AlCuRu
samples may be interpreted as indicating that the d states
associated with Ru atoms are submerged well below the
Fermi level, so that the sp electrons dominate the DOS re-
gion in the vicinity of EF , ~Ref. 103! ~although the possibil-
ity of observing a minimum at temperatures below 15 K, not
considered in the current experimental data, cannot be ex-
cluded either!. The existence of some physical trend under-
lying this twofold classification arises then as a tempting
possibility. In this sense, measurements of the electrical con-
ductivities of AlCuOs and AlPdTc icosahedral samples
would be very appealing.
Our treatment suggests that the low-conductivity values
observed in high quality QC’s at low temperatures may stem
from two different sources. On the one hand, we have the
severe depletion of available charge carriers associated with
the presence of a pronounced pseudogap around the Fermi
level. On the other hand, we must consider the peculiar na-
ture of critical states, most of which may exhibit quite small
group velocities. Although our approach does not allow for a
precise estimation of the relative importance of both contri-
butions to the final value of the s(0) term, it represents a
promising starting point to future detailed studies.
The phenomenological coefficients introduced in Sec. IV
allow us to extract significant information about the elec-
tronic structure from experimental s(T) data by means of
Eq. ~13!. The first step is to determine the different jn values
from the fitting analysis of the s(T) curve in the way out-
lined in Sec. V. Then, from the knowledge of the jn , we can
determine the electronic model parameters g i , d i , and A
through the analytical expressions derived in Sec. IV. None-
theless, due to the involved nature of these expressions this is
a rather difficult task. Fortunately, even partial knowledge of
some of the phenomenological coefficients suffices to gain
some physical insight into certain relevant features of the
electronic spectrum of the sample, allowing for quantitative
estimations about the topology of the spectral conductivity
curve, s(E), around the Fermi level. The involved nature of
the analytical expressions for the jn coefficients suggests that
the study of one transport coefficient alone will not suffice,17420in general, to get a detailed picture of the sample electronic
structure. Therefore, one reasonably expects that a sharper
view of the main electronic features of the considered QC
samples would ultimately emerge from the simultaneous
measurement of different transport coefficients, when ana-
lyzed in terms of the framework introduced in this work. In
fact, the combined study of the s(T) curve over a broad
temperature range and the S(T) curve in the low-temperature
limit, mentioned in the previous section, has yielded consis-
tent values for the j1 and j2 coefficients. Thus, our approach
provides a phenomenological description of the electrical
conductivity of QC’s, which can contribute to gaining a bet-
ter understanding of the transport properties in quasicrystal-
line matter.
In this work we have restricted ourselves to the tempera-
ture range from 4 to 300 K, well below the Debye tempera-
ture for the considered samples. We have seen that band-
structure effects do not to play a significant role in the
overall behavior of the s(T) curve at temperatures below,
say, 100 K. However, it is reasonable to expect that elec-
tronic structure effects would play a more significant role at
higher temperatures, where thermally activated processes be-
come important. In this work, we have also focused on the
study of Al-transition-metal QC’s. Now, since both AlPdMn
and AlCu~Fe,Ru! QC’s belong to the same structural class,
one cannot exclude the possibility that some of the universal
features reported may be structure dependent. Consequently,
the possible extension of the results discussed in this work to
both higher temperatures and other structural types of icosa-
hedral QC’s appears as an appealing possibility.
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APPENDIX
Expressing Eq. ~3! in terms of the scaled variable as
s(x)5c0P4(x)/P2(x), where
P4~x ![b24x422b23n3x31b22n2x222b21n1x1n0 ,
P2~x ![b22x222b21q1x1q0 ,
where c0[pA(g11g2)21, n3[d11d2 , n2[«121«22
14d1d2 , n1[d2«1
21d1«2
2
, n0[«1
2«2
2
, q0[««1
2«2
2(g1
1g2)21, and q15(g1d21d1g2)(g11g2)21, with « i2[g i2
1d i
2
, and «[g1«1
221g2«2
22
, we can rewrite Eq. ~8! in the
form3-9
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c0
4 E2‘
‘ F (
k50
2
akb
2kxk1
a3b
21x1a4
P2~x !
G
3 sech 2~x/2!dx ,
where
a0[2a1q11n22q05
~g11g2!~g1«1
21g2«2
2!24g1g2Dd2
~g11g2!
2 ,
a1[2~q12n3!522
d1g11d2g2
g11g2
, a251,
a3[2a0q122n12a1q0524g1g2Dd
2q1Dd2«1
21«2
2
~g11g2!
2 ,
a4[n02a0q05g1g2
4««1
2«2
2Dd22~«1
22«2
2!2~g11g2!
~g11g2!
3 ,174203with Dd[d12d2. Making use of the integrals
E
2‘
‘
sech2~x/2!dx54, E
2‘
‘
x2sech2~x/2!dx5
4p2
3 ,
E
2‘
‘
x4sech2~x/2!dx5
28p4
15 ,
E
2‘
‘
x6sech2~x/2!dx5
124p6
21 ,
and
E
2‘
‘
xlsech2~x/2!dx50, ~ lodd!,
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